Frictional complete contacts between elastically similar bodies subject to normal and shear load  by Karuppanan, S. & Hills, D.A.
International Journal of Solids and Structures 45 (2008) 4662–4675Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rFrictional complete contacts between elastically similar bodies subject
to normal and shear load
S. Karuppanan a,*, D.A. Hills b,*
aMechanical Engineering Department, Universiti Teknologi Petronas, Bandar Seri Iskandar, 31750 Tronoh, Perak, Malaysia
bDepartment of Engineering Science, University of Oxford, Parks Road, OX1 3PJ Oxford, UK
a r t i c l e i n f oArticle history:
Received 12 November 2007
Received in revised form 12 March 2008
Available online 25 April 2008
Keywords:
Fretting fatigue
Asymptotic solution
Complete contacts
Cyclic loading0020-7683/$ - see front matter  2008 Elsevier Ltd
doi:10.1016/j.ijsolstr.2008.04.006
* Corresponding authors. Tel.: +605 368 7199 (S.
E-mail addresses: saravanan_karuppanan@petrona b s t r a c t
The problem of trapezium shaped punches pressed into a frictional, elastically similar half-
plane and subject to sequential normal and shear loading is studied. The initial mix of stick,
slip and separation regions is described, together with the steady state response when the
shearing force is cycled. Conditions for full stick are established.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Fretting fatigue is concerned with the nucleation of a crack by small amounts of differential motion between contacting
bodies. It is one of the more insidious ways in which cracks can form, because there may be no apparent slip taking place, and
yet cracks may originate much sooner than anticipated. It is therefore important to have a detailed knowledge of the precise
interface conditions: if the contact is adhered (particularly adjacent to the edges) there can be no fretting damage, and thus
the role of contact in accelerating nucleation is merely because it acts as a stress concentration (if the contact is incomplete
in nature) or almost certainly as a stress intensiﬁcation if the contact is complete. A full understanding of the behaviour of an
incomplete contact, exempliﬁed by the Hertz geometry, has been known under conditions of sequential normal and tangen-
tial loading for about 70 years (Cattaneo, 1938), and the simpler case of proportional loading has been analysed by Maw et al.
(1976), as well as being described in Johnson’s book (Johnson, 1985). The corresponding problems for complete contact have
received little attention because, if the bodies are elastically similar, it is not possible to represent the contact-deﬁning body
as a half-plane, and hence it is tricky to obtain an analytical solution. It might be thought that the use of a ﬁnite element
model would make good to this deﬁciency, and in principle this is so, but because there is often an implied singularity in
the state of stress at the contact edges it is not easy to obtain the necessary resolution, and obtain convergence, without tak-
ing precautions. An alternative way of handling the contact edge conditions is to employ asymptotic solutions; the relevant
ones in this ﬁeld are the classic Williams solution (Williams, 1952), appropriate when the bodies are adhered, and the more
recent results found by Gdoutos and Theocaris (1975) and by Comninou (1976), when the contact edge slips. When the latter
were discovered it was not completely clear what they implied for ﬁnite bodies, and it is only by combining the two ap-
proaches that a full understanding of how example ﬁnite complete contacts do respond to sequential normal and shear load-
ing has become possible.. All rights reserved.
Karuppanan); tel. +44 1865273119; fax: +44 1865273813 (D.A. Hills).
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Fig. 1. Geometry of the problem solved; (a) elastic punches of internal angles: (i) 90, (ii) 120, (iii) 60, of contact length 2a, subject to a normal load P and a
shear load Q, and (b) semi-inﬁnite wedge geometry. (c) Loading history.
S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675 4663Recently, the response when a square block is pressed normally onto a half-plane, and subsequently subjected to mono-
tonically increasing (and reversing) shear was considered in some detail by Churchman and Hills (2006). This type of contact
problem was also been studied independently by Bohorquez and Dominguez (2005) and Bohorquez and Dominguez (2007).
A feature of complete contacts is that, because the half-plane idealisation cannot be applied to one of the bodies, the contact
problem cannot, formally, be separated from a consideration of the load path in the rest of the body. However, it is normally
assumed that the details of the geometry remote from the contact front face will have only a weak effect on the solution, and
this may be exploited by ensuring that the applied forces are imposed as distributed tractions along the top face of compo-
nent, remote from the contact interface, with a distributed moment to make the shear statically equivalent to one passing
through the plane of the contact interface. Further, one property of the geometry which does have a ﬁrst order effect on the
solution is the angle which the end faces of the contact make, as this materially affects the properties of the asymptotic solu-
tions. To avoid the problems of having two local length scales which would occur if the contacts were chamfered, we will,
here, concentrate on the cases where the contact ends are plane, and hence the contacting body is trapezium in form.1 The
trapezium shaped bodies under consideration here, shown in Fig. 1(a), were analysed using the commercial ﬁnite element pro-
gramme ABAQUS. First, the monotonically increasing shear problem is addressed followed by the cyclic shear problem.1 If the contact is chamfered the local contact edge chamfer angle can be expected to control the state of stress over a length less than the length of the
chamfer, whilst the angle of the end faces beyond will have a correspondingly longer range inﬂuence.
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2.1. Adhered asymptote
The basic asymptotic forms needed for the analysis will be described: ﬁrst, assume that the whole of the contact interface
is adhered. It follows that, adjacent to the contact edges, the state of stress may be represented by William’s solution for a
wedge of total internal angle pþu radians, whereu is the contact internal angle (Fig. 1(b)). The direct (pðxÞ) and shear (qðxÞ)
tractions in this neighbourhood may be written down as pðxÞ ¼ rhh r;pu2
 
¼ KoI xkI1 þ KoIIxkII1; ð1aÞ
qðxÞ ¼ rrh r;pu2
 
¼ KoI xkI1gIrh þ KoIIxkII1gIIrh; ð1bÞwhere kI; kII are solutions of the following characteristic equations:kI sin½pþu þ sin½kIðpþuÞ ¼ 0; ð2aÞ
kII sin½pþu  sin½kIIðpþuÞ ¼ 0; ð2bÞand the functions gIrh; g
II
rh; which effectively deﬁne the eigenvectors, are given in closed form bygIrh ¼
sin½ðkI þ 1ÞðpuÞ=2  CsI sin½ðkI  1ÞðpuÞ=2
cos½ðkI þ 1ÞðpuÞ=2  CcI cos½ðkI  1ÞðpuÞ=2
; ð3aÞ
gIIrh ¼
 cos½ðkII þ 1ÞðpuÞ=2 þ CcII cos½ðkII  1ÞðpuÞ=2
sin½ðkII þ 1ÞðpuÞ=2  CsII sin½ðkII  1ÞðpuÞ=2
; ð3bÞwhereCsi ¼
sin½ðki þ 1ÞðpþuÞ=2
sin½ðki  1ÞðpþuÞ=2 ; C
c
i ¼
cos½ðki þ 1ÞðpþuÞ=2
cos½ðki  1ÞðpþuÞ=2 : ð4ÞKoI and K
o
II are the generalised stress intensity factors given byKoI ¼ K I
cos½ðkI þ 1ÞðpuÞ=2 cos½ðkI  1Þa  cos½ðkI þ 1Þa cos½ðkI  1ÞðpuÞ=2
cos½ðkI  1Þa  cos½ðkI þ 1Þa ; ð5aÞ
KoII ¼ K II
sin½ðkII þ 1ÞðpuÞ=2 sin½ðkII  1Þa  sin½ðkII þ 1Þa sin½ðkII  1ÞðpuÞ=2
 sin½ðkII  1Þa þ ðkII1ÞðkIIþ1Þ sin½ðkII þ 1Þa
; ð5bÞwhere K I and K II are the more usual mode I and mode II stress intensity factors found by collocating the solution to whatever
ﬁnite problem is being studied along the ‘notch’ bisector, and are deﬁned asK I ¼ rhhðr;0ÞrkI1 Lt r ! 0 and ð6aÞ
K II ¼ rrhðr;0ÞrkII1 Lt r ! 0: ð6bÞ2.2. Slipping asymptote
Now, consider a problem where the contacting, semi-inﬁnite, bodies are slipping relative to each other (Gdoutos and The-
ocaris, 1975; Comninou, 1976). The direct and shear tractions along the interface at the contact edge may be written down as
(Karuppanan and Hills, 2008)pðxÞ ¼ qðxÞ
f
¼ Ksxks1 for 0 < k < 1 ð7aÞ
pðxÞ ¼ qðxÞ
f
¼ Kb1xkb11 þ Kb2xkb21 for 1 < k < 2 ð7bÞ
pðxÞ ¼ qðxÞ
f
¼ Kcxf1 sin g ln xxo
  
for 2 < k < 3ð1 < f < 2 & 0 < g < 1Þ ð7cÞwhere Ks;Kb1;Kb2;Kc are generalised stress intensity factors, f and g are the real and imaginary parts of the eigenvalue used
in Eq. (7c) and xo denotes the position from the contact edge where the argument of the logarithm passes through unity. The
value of k for the problem under consideration here (where the wedge and the half-plane have the same elastic constants) is
given by a root of the following characteristic equation:rðu; f ; kÞ ¼ cos kpðsin2 ku k2 sin2uÞ þ 1
2
sin kpðsin 2kuþ k sin 2uÞ þ f sin kp½kð1þ kÞ sin2u ¼ 0: ð8Þ
S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675 4665Also note that the coefﬁcient of friction is given a sign in the slipping asymptotic solution: a positive value of f suggests the
kind of slip which is experienced at a trailing edge (‘inward’ slip), Fig. 1(b), whilst a negative value of f implies the kind of slip
seen at the leading edge of a contact (‘outward’ slip).
3. Normal load application
We aim to investigate in detail the response of trapezium-shaped punches with internal angles of 60, 90 and 120 (as
shown in Fig. 1(a)), but also to look at the general characteristics of the solution for all values of punch internal angle in a0
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Fig. 2. (a) Overall map of the contact edge responses due to the normal load only showing four distinct regions. (b) Various types of contact pressure and
surface behaviour of complete contacts subject to normal load P.
4666 S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675realistic range. Under a range of conditions the interface will be mainly or entirely adhered, so it is appropriate to consider,
ﬁrst, conditions for complete adhesion. The two basic requirements for adhesion at the contact edges areFig. 3.
only.KoI < 0; ð9Þ
f > gIrh; ð10Þand the ﬁrst of these will certainly be fulﬁlled under normal loading alone, so that the second is sufﬁcient, and follows di-
rectly from the characteristic equation, i.e.f >
sin½ðkI þ 1ÞðpuÞ=2  CsI sin½ðkI  1ÞðpuÞ=2
cos½ðkI þ 1ÞðpuÞ=2  CcI cos½ðkI  1ÞðpuÞ=2
; ð11Þand this describes the behaviour in region A, Fig. 2(a) which provides an overall response map with primary parameters f ;u.
When this inequality is not satisﬁed slip will ensue and, in general terms, the punch will tend to ‘spread’ relative to the half-0.0
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S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675 4667plane, and give rise to the possibility of subsequent damage. In order to investigate further what happens in this regime, the
magniﬁcation of the microscope with which we are looking at the contact edges must be turned up, so that we can now think
of a slipping asymptote applying at the very edges of the contact, within the slipping regions. We note that the sense of slip is
the same at both edges, and that this is the same as that prevalent at the leading edge of a sliding contact. The sense of slip is
important because, in the case of the slipping asymptote, the characteristic equation and the nature of the eigensolution de-
pend on this. In region B (Fig. 2(a)), where k < 1; the tractions will be power-order singular and are given by Eq. (7a). If the
lowest root lies in the range 1 < k < 2; and is wholly real, the tractions will be power order bounded (region C) and are de-
scribed by Eq. (7b), whilst if the relevant root is complex, local separation will occur (Karuppanan and Hills, 2008), with
square-root bounded behaviour at the true contact edge (region D). The procedure to restore the separation condition within
the asymptote is described in detail by Karuppanan et al. (2008). Also highlighted on Fig. 2(a) are the three angles studied in
detail, showing that; (a) the 120 and 90 punches exhibit region A and B behaviour, and (b) the 60 punch exhibits region D,
C, B and A behaviour with increasing friction. Fig. 2(b) provides a set of schematics to illustrate the response anticipated in all
regions of Fig. 2(a). As an example problem, a ﬁnite element analysis of the 60 punch problem (since it covers all four re-
gions), shown in Fig. 1(a), iii, was carried out using ABAQUS, and the results for the normalised pressure distribution found
are shown in Fig. 3(a). These results are re-plotted enlarged at the trailing edge in Fig. 3(b) for an improvement in clarity, and
it displays the kind of behaviour which is as anticipated.
4. Monotonic shear loading
4.1. Square punch solution
The procedure adopted by Churchman and Hills (2006), for the problem shown in Fig. 1(a), i, will be brieﬂy summarised in
this section. In his attempt to understand the general interfacial characteristics of complete contacts in partial slip (for a
monotonically increasing shearing force) a map shown in Fig. 4, was developed. For a square punch problem, i.e. when
u ¼ p=2; the eigensolution in the adhered regime is characterised by2 ThekI ¼ 0:5445; kII ¼ 0:9085; gIrh ¼ 0:5431; gIIrh ¼ 0:2189: ð12Þ
As 0 > kI  1 < kII  1, the state of stress is singular and, furthermore, the traction ratio is given by the dominant eigensolu-
tion, so thatqðxÞ
pðxÞ ¼ g
I
rh Lt x ! 0: ð13ÞIt follows that, provided the coefﬁcient of friction, f, exceeds this value (¼ fcrit; sayÞ, the contact edge will certainly adhere
(region 1 in Fig. 4). Furthermore, the traction ratio is independent of the ratio Q=P, where P is the applied contact normal force
and Q the applied shearing force. Thus, providing only that f > fcrit the contact corner will remain stuck, but the traction-ratio
(q=p) within the interior of the contact will increase as a shearing force is developed, and, at some value of Q=P will exceed
gIrh. This point must be found by a ﬁnite element analysis, but is easy to locate because the tractions at interior points are
ﬁnite, and hence the ratio may easily be found reliably. When q=p exceeds f interior slip starts, and this condition corre-
sponds to the line CD given in Fig. 4. A further increase in the value of Q=P beyond the point of ﬁrst slip will result in a grow-
ing region of slip (region 2). Note that the condition for sustained edge adhesion is not only independent of the applied load,
but also of the geometry of the problem (save for the value of u which has a ﬁrst order effect).
In a sliding contact the trailing edge has a propensity to lift, whereas the leading edge tends to ‘dig in’, and an important
characteristic of the solution is to determine the conditions for initial separation. A calibration for the generalised stress
intensity factors scaling the trailing edge solution under conditions of full adhesion with the applied loads, using a ﬁnite ele-
ment analysis, is given by2KoI a
kI1
KoIIa
kII1
( )
¼ 0:307 0:3690:283 0:542
 
P=2a
Q=2a
 	
; ð14Þwhere a is the contact semi-width. As stated above, the solution adjacent to the contact edge is dominated by the symmetric
(mode I) eigensolution, and the contact pressure will be negative at the trailing edge provided only that the value of KoI < 0.
Thus, from the ﬁrst row of the matrix given, this will be true provided thatQ
P
<
0:307
0:369
¼ 0:832: ð15ÞChurchman took this to be the ruling separation condition, but, of course, it holds exactly only if it is not preceded by any
slip, and it becomes approximate if the coefﬁcient of friction, f, only moderately exceeds the critical value: this aspect of the
Churchman ﬁgure (region 3) merits reﬁnement by further application of the ﬁnite element method.se ﬁgures differ slightly from those in Churchman and Hills (2006) because there were small differences in the way in which the load was applied.
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4668 S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675When f < fcrit the application of a normal load alone causes two small fringes of outward slip to appear at the edges of the
contact (region 4). Their extent may be found by ﬁnite element calculation or, if the coefﬁcient of friction is only slightly less
than gIrh (for cases where the slip size is difﬁcult to resolve by ﬁnite element analysis), it may be found approximately from
the adhered eigensolution by checking the extent over which violation of the friction law occurs within the asymptote
(Churchman and Hills, 2006). A ﬁrst-order approximation to the size of the slip zone, co is given in a closed form byco ¼  f þ g
I
rh
f þ gIIrh
 
KoI
KoII
 	 1
kIIkI
: ð16ÞIf, now,amonotonically increasingshearing force is applied (region4), the leadingedgeslip zonewill growinextentbecause the
applied shear is consistentwith thedirectionofpre-existing slip. At the trailingedge, the implied increment of shearing traction
is in the opposite sense to the slip displacement due to the application of normal load and will give way, instantaneously, to
stick, followed by edge slip and separation due to the locked-in residual tractions. A ﬁrst-order approximation to the extent
of the separation zone, ds and accompanying slip distance, es; found from the bilateral solution, are given in closed form byds ¼ DK
o
I
Ks
  1
kskI
; ð17aÞ
es ¼ f  g
I
rh
2f
DK
o
I
Ks
   1
kskI
: ð17bÞThis technique is appropriate when the trailing edge slip zone is small, but clearly it will become inaccurate when the shear-
ing force approaches the sliding value, and this was not investigated in the earlier paper.
Notwithstanding the limitations of the solution near to sliding, the basic ideas in Churchman’s solution are sound, and
permit a precise investigation of the contact’s behaviour under small to moderate shearing forces.
4.2. Square punch solution reﬁnements
The general form of the solution to this problem, previously investigated by Churchman and Hills, has already been de-
scribed. The results merit reﬁnement near incipient sliding, and this can really only be achieved by careful ﬁnite elements
analysis. In this part of the diagram, assuming a monotonically increasing shearing force, the slip zones are increasing in size,
and so no history effects are present. The regimes discovered and reﬁnements to the original map are shown in Fig. 5(a). The
various regimes on the behaviour map are labelled based on the edge behaviour at two extreme conditions, i.e. the ﬁrst letter
represents the type of behaviour due to normal load only and the second letter represents the type of behaviour in sliding
condition (Karuppanan and Hills, 2008).
S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675 4669First, consider the case where f > gIrh: The solution already described is correct in region AC1 but requires modiﬁcation in
region AC2. If the traction-ratio (q=p) within the contact reaches gIrh value (line IJ), interior slip starts to develop. A further
increase of shearing force will result in a growing slip zone within the contact (region AC2). For gIrh < f K0:8, as the shear
force is increased region AC2 will give way to region AC3 where the growing interior slip reaches the leading edge. If the
shearing force is increased further a second forward slip zone will develop at the trailing edge as the contact recedes in size
(the trailing edge lifts off), region AC5. For f > 0:8, region AC5 is preceded by region AC4 in which a small forward slip zone
and separation develops at the trailing edge prior to the interior slip reaching the leading edge. Finally when Q=fP ¼ 1, the0.0
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4670 S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675entire contact interface will be slipping save a small region at the trailing edge which lifts off, line GH. Also note that line NLP
which indicates the boundary above which trailing edge forward slip and separation occurs approaches Churchman’s sepa-
ration rule, Eq. (15) ðQ=P ¼ 0:832Þ with increasing friction.
If f < gIrh; the application of normal load alone causes outward slip of same size at both edges, line OABC. Subsequent appli-
cation of a shear load will increase the extent of slip at the leading edge, whilst the trailing edge will instantaneously be stuck
followed by the development of aminute region of forward slip and separation at the edge, regions BA, BB and BC. In region BA
ð0 < f < 1=pÞ;when the grey line is reached (line ON), the forward slip at the trailing edgewill have the tendency to grow rap-
idly as the contact edge falls continuously to resume contact before the entire contact interface slips when line OE is reached,
where the tractionbehaviour is singularatbothcontact edges. In regionBB ð1=p < f < 0:392Þ; similarbehaviour to that found in
region BA is expected, except that the tractions are bounded at the trailing edge and singular at the leading edgewhen line EF is
reached. Finally in region BC ð0:392 < f < gIrhÞ; the forward slip zone at the trailing edgewill grow rapidly ifQ=P ratio lies above
the grey line, as does the separation distance.When the gross sliding condition is achieved, line FG, the tractions exhibit square
root bounded behaviour at the trailing edge and singular behaviour at the leading edge.
4.3. 120 Trapezium punch
The geometry of the problem studied here is given in Fig. 1(a), ii. A practical problem having a contact edge condition very
close to the one studied here is the involute spline used in split shafts within some gas turbines, and the map giving the over-
all response to applied loads is shown in Fig. 5(b). It is assumed that the normal load is applied ﬁrst, held constant, and then a
monotonically increasing shear load imposed.
If f > gIrh the application of normal load will ensure full adhesion of the contact interface, line AB. This condition will hold
with a ﬁnite shear load, region AA1, until line EF is reached. In the nomenclature developed earlier, the two eigenvalues
describing the order of singular behaviour under adhered conditions in region AA1 are kI ¼ 0:5122, kII ¼ 0:7309, and the
two key coefﬁcients deﬁning the eigenvector are gIrh ¼ 0:3026; gIIrh ¼ 0:8500 so that the minimum friction needed to sustain
full adhesion is 0.3026. A calibration for the generalised stress intensity factors scaling the trailing edge asymptotic solution,
using a ﬁnite element analysis, is given byKoI a
kI1
KoIIa
kII1
( )
¼ 0:370 0:2910:087 0:432
 
P=2a
Q=2a
 	
: ð18ÞThe tractions at the trailing edge of the contact can therefore be determined from Eqs. (1a) and (1b). When the line EF is
reached, the application of an increasing shearing force leads, as before, to interior slip, bounded by two regions of stick, re-
gion AA2. A further increase in the value of the shearing force causes the interior slip zone to grow, until it reaches the lead-
ing edge, region AA3. The stick zone subsequently recedes further until a subsidiary forward slip zone develops, attached to
S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675 4671the trailing edge, region AA5 prior to gross sliding of the contact interface when Q=fP ¼ 1 is achieved, line CD, where the
tractions exhibit singular behaviour at both edges.
If f < gIrh the response is generally the same as that observed for the 90 case. Outward slip at both edges will develop due
to the application of normal load alone, line OA. Subsequent application of a shear load will increase the size of slip zone at
the leading edge, whilst the trailing edge experiences instantaneous stick followed by a minute forward slip and separation
region attached to the edge, due to the inﬂuence of locked-in residual tractions, region BA. As we move in region BA closer to
gross sliding condition (line OC), the inﬂuence of the sliding eigenvalue becomes increasingly important and the minute
amounts of separation which occurs earlier will gradually diminish. Finally a gross sliding condition is achieved when line
OC is reached where the tractions exhibit singular behaviour at both edges.
4.4. 60 Trapezium punch
The geometry of the problem studied here is given in Fig. 1(a), iii. This kind of geometry also occurs, in a modiﬁed way, in
a gas turbine engine. It is the overall shape of the dovetail lug fastening in a fanblade. Of course the fanblade normally has
rounded edges, but the solution to be discussed shows what might be expected if that radius were reduced to a very small
value. For a 60 punch problem, i.e. when u ¼ p=3kI ¼ 0:6157; kII ¼ 1:1489; gIrh ¼ 0:9619; gIIrh ¼ 0:3224: ð19Þ
The new overall response map is as in Fig. 5(c) showing a more complicated response than the ﬁrst two geometries.
If f > gIrh a fully adhered interface is expected, due to the application of normal load (line CD) and subsequently shearing
load (region AC1) until line HI is reached. The tractions in this region are singular in nature at the edges and the adhered
generalised stress intensity calibration is given byKoI a
kI1
KoIIa
kII1
( )
¼ 0:197 0:3600:407 0:173
 
P=2a
Q=2a
 	
: ð20ÞA further increase of shearing force above line HI causes interior slip to develop (region AC2). As we move along a vertical
trajectory from region AC2, forward slip and separation will occur at the trailing edge as line JK is passed (region AC4). Finally
the interior slip zone reaches the leading edge (region AC5) prior to full sliding when line FG is reached, where the trailing
edge remains separated giving square root bounded traction behaviour, whilst the leading edge exhibits singular-traction
behaviour. Even though these regions are unlikely to be important for practical cases, they are included here so that we
get a clearer picture of the expected behaviour of the contact interface for different wedge angles.
If f < gIrh we again expect fringes of slip of opposite sign bordering adhered interface at the centre of the contact due to the
application of normal load alone, but the tractions adjacent to the edges will exhibit different behaviour. For 0 < f < 0:219,
when the normal load is applied, the contact edges will lift off so that the traction behaviour is square root bounded, line OA.
A subsequent application of shear load will cause the trailing edge to adhere instantaneously save for a small region of sep-
aration which arose earlier, before the development of a forward slip zone accompanying separation, whilst the slip zone at
the leading edge increases in size, region DE. When the sliding condition is achieved, line OE, the entire contact interface will
slip with the edges lifted off. The amount of lift off at the trailing edge is greater than that at the leading edge. For
0:219 < f < 0:451, when the normal load is applied, the contact edges will exhibit a power order bounded traction behav-
iour, line AB. When the shear load is applied the trailing edge will instantaneously adhere before a forward slip region,
accompanying separation, develops whilst the slip zone at the leading edge increases in size, region CD. When the grey line
(line OJ), is reached, the slip zone and separation region at the trailing edge will have a tendency to grow rapidly and the
change in tractions behaviour is expected whilst the leading edge tractions behaviour is maintained. Finally when the sliding
condition is achieved, line EF, the entire contact interface will slip with the trailing edge lifting off exhibiting square root
bounded traction behaviour but the leading edge traction behaviour is still power order bounded. For 0:451 < f < gIrh, when
the normal load is applied, the contact edges will exhibit a singular traction behaviour, line BC. As before the application of
shear load will initially cause the trailing edge to adhere instantaneously, prior to the development of a forward slip zone
accompanying separation, whereas the leading edge slip zone increases in size (region BC). When the grey line is reached
the extent of forward slip and separation at the trailing edge increases rapidly and the traction behaviour changes to square
root bounded. Finally, when the sliding condition is achieved, line FG, the entire contact interface will slip with the trailing
edge lifting off exhibiting square root bounded traction behaviour whereas the leading edge still exhibits singular behaviour.5. Cyclic shear loading
The preceding sections have all been concerned with the inﬂuence of a monotonically increasing shearing force on the
interfacial behaviour, but, in most practical problems, contacts are subject to a reversing shearing force. Potentially, this
could give rise to a more complicated calculation, but in practice what is often needed is simply a knowledge of whether
or not the contact will ‘shake down’, i.e. whether a self-developing interfacial residual shearing traction distribution will
arise which, together with the applied load, will mean that the limiting friction will not be achieved at any point within
the contact. If the contact does shake down completely there will be no steady-state slip, and hence fretting damage will
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like a notch. It is, perhaps, worth noting that, if the contact edges do lift off, the local behaviour is formally incomplete, and,
as experience analysing many incomplete contacts subject to this mode of loading has shown, because the contact pressure
goes uniformly to zero at such points it is impossible to sustain any residual shearing traction, and hence no shakedown can
occur. However, in many cases the regions in which this cyclic lift and reversing shear occur are very small indeed (Church-
man and Hills, 2006), so that the region in which fretting damage occurs is likely to be extremely small, with correspondingly
small slip displacements, and the damage which results will also be very small indeed compared with that usually observed
in conventional incomplete contacts.
Instead of tracking out the loading history as a function of time using the ﬁnite element method, a lower bound technique
for determining the shakedown limit was speculated in Churchman’s paper (Churchman and Hills, 2006), and veriﬁed in
‘spot’ cases using a ﬁnite element simulation. The shakedown limit using this technique is achieved provided thatj f j>
~qQ QP

 
max½j 1
2~pP þ ~pQ QP

 
max½jþ 1


max
8x ð21Þwhere~pP ¼ p
PðxÞ
ðP=2aÞ ; ~p
Q ¼ p
Q ðxÞ
ðQ=2aÞ ; ~q
Q ¼ q
Q ðxÞ
ðQ=2aÞ ; ð22Þand pPðxÞ is the traction along the interface under normal load only (P) whilst pQ ðxÞ; qQ ðxÞ are the tractions resulting from
pure shear load only (Q). These traction values are determined from adhered ﬁnite element analysis.
It is assumed that the contact is ﬁrst loaded by shear up to some value, Qmax. It is then reduced to a value Qmin ¼ jQmax
(1 < j < 1), and is subsequently cycled between these limits, Fig. 1(c). In very general terms, the closer j lies to +1 (so that
the range of shear is small), the more likely the contact is to shakedown.
5.1. Square punch
The steady state response map for the square punch problem is shown in Fig. 6(a). The boundary between shakedown
(below, to the right) and cyclic slip (above, to the left) for a fully reversing shear case (j ¼ 1) is represented by a thick
dark line. The full description of the steady state contact response will be based on this example case. If f > gIrh; in region
AC1, the contact interface will be fully adhered from outset. In region AC2, the contact interface will be fully adhered in
the steady state, due to frictional shakedown. A cyclic slip region at the centre of an otherwise adhered contact is expected
if the contact is represented by a point above or to the left of this dark line. In region AC3, an adhered interface or a cyclic
slip region in the middle of this adhered interface, together with a minute slip region at the leading edge is expected
depending on its exact position on the map relative to the dark line. In region AC4, an adhered interface with a small re-
gion of forward slip and separation at the trailing edge, together with interior cyclic slip, is expected. The same behaviour
is expected in region AC5 with an additional minute forward slip region at the leading edge being the only difference. The
interior cyclic slip occurring in these regions is shifted from the centre towards the leading edge. For load cases where the
dark line is shifted closer to the gross sliding condition (line OH), the interior cyclic slip in regions AC4 and AC5 will van-
ish, but the forward slip and separation attached to the edges are still maintained, if a position below or to the right of the
dark line is considered.
If f < gIrh; the entire contact interface in regions BA, BB and BC will shake down to an adhered state, save for a small for-
ward slip and separation region at the trailing edge, and additionally, a forward slip region at the leading edge for a point
below and to the right of the dark line. If a point above and to the left of the dark line is considered, an additional interior
cyclic slip region near the middle of the contact is expected. The difference between regions BA, BB and BC is in the traction
behaviour at the contact edges, as described in monotonic loading section. For this square punch, in the region of interest
0 <j f j< 1, the contact interface will always shake down if jJ  0:45.
5.2. 120 Trapezium punch
The steady state response map for the 120 punch problem is shown in Fig. 6(b). A thick dark line representing the bound-
ary between shakedown and cyclic slip for a fully reversing shear case (j ¼ 1) is included. If f > gIrh; in region AA1, a fully
adhered interface from the outset is expected. In region AA2, at a location below or to the right of this dark line, the contact
interface will shake down to a fully adhered state. A detached cyclic slip region in the middle of the contact is expected above
or to the left of this dark line. In region AA3, the contact will either shake down to a fully adhered state with a minute amount
of forward slip at the leading edge or an additional cyclic slip region in the middle of the contact is expected. A cyclic de-
tached slip zone in the middle of an adhered interface together with minute forward slip regions at both edges is expected
in region AA5. If f < gIrh; the entire contact interface in region BA will shakedown to an adhered state save a minute forward
slip and separation region at the trailing edge and a forward slip region at the leading edge, or an additional interior slip is
expected depending on the position relative to the dark line. The detached cyclic slip in regions AA2, AA3, AA5 and BA will
vanish if a different load case is used provided that the point considered on the steady state map is always below or to the
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jJ  0:55:
5.3. 60 Trapezium punch
The steady state response map for the 60 punch problem together with a dark line representing the boundary between
shakedown and cyclic slip for a fully reversing shear case (j ¼ 1) is shown in Fig. 6(c). If f > gIrh; a fully adhered contact0.0
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4674 S. Karuppanan, D.A. Hills / International Journal of Solids and Structures 45 (2008) 4662–4675interface is expected in regions AC1 (from outset) and AC2 (due to frictional shakedown). A minute region of forward slip and
separation attached to the trailing edge of an adhered interface is expected in region AC4. In region AC5, an additional for-
ward slip zone will develop at the leading edge and for a higher ðQ=PÞmax value (above the dark line), a detached cyclic slip
zone closer to the leading edge is also expected. If f < gIrh and the position on the map is below or to the right of the dark line,
an adhered interface at the middle of the contact, bordered by a ﬁnite forward slip and separation region at the trailing edge
and a forward slip region at the leading edge, is expected in regions CD and BC. In region DE, the same behaviour will occur
but with leading edge lift off, although the amount of lift off is less than that at the trailing edge. It is worth noting that the
slip and separation region at the trailing edge in the steady state condition occurs over a greater distance than that in the
monotonic loading condition. However, the slip region at the leading edge is smaller in the steady state condition due to
frictional shake down of points near to the leading edge. If the position on the map is above or to the left of the dark line,
a very small region of cyclic slip at the middle of the contact will also develop. In the region of interest 0 <j f j< 1, the contact
interface will never shake down except for high friction values (f > gIrhÞ at moderate ðQ=PÞmax values. However, if jJ0:2; the
interior cyclic slip zone in all regions is expected to vanish.
6. Conclusion
Churchman’s results for the interfacial response of a square block, pressed normally into a half-plane, and subject to sub-
sequent shear, have been generalised to look at the important effect that different edge angles have on the behaviour. De-
tailed considerations have been given to the speciﬁc cases of 60 and 120 punches, and maps have been developed showing
the interfacial behaviour. A generalisation of the results for a wide range of contact angles has also been found, but the pat-
terns of behaviour which emerge are extremely complicated. Consideration has also been given to the effects of cyclic shear
between, in general, unequal values of the shearing force, to determine the steady state interface condition. Many contacts
do exhibit at least some shakedown, and the shakedown limit (in the sense that all slip vanishes) is in some cases consid-
erably higher than the load at which slip ﬁrst occurs under monotonic loading, particularly when the internal contact angle,
u, is large.
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